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If v(n) is an almost automorphic sequence, can 9) be extended to be an 
almost automorphic function of a real variable I We provide several affirmative 
type constructions. As one corollary to these constructions we get an example 
of a compact almost automorphic function which is not almost periodic. 
Secondly, we get a Meisters [l] type theorem which shows that solutions to 
certain differential equations are compact almost automorphic if and only if 
their restriction to the integers are almost automorphic sequences. 
Compact almost automorphic (= c.a.a.) functions were introduced in [2] 
and [3] as certain types of solutions of differential equations. In order to 
state the relevant ideas. let 
whenever this limit exists. Also 01 C j3 means that (Y is a subsequence of p. Then 
a continuous f is said to be c.a.a. provided that given /3, there exists CL C/3 
such that T, f = g and T-d = f both exist uniformly on every compact 
subset of reals. If the limit is only required to exist pointwise, then f is said 
to be a.a. We will assume that f is vector valued. Finally, a sequence is a.a. 
if it is an a.a. function on the group of integers. 
LEMMA 1 (Bender [2]). An U.U. function is c.a.a. if and only if it is uni- 
formly continuous. 
PROOF. Let fa(t) =f(t + a). If f is c.a.a., then {fn}zsP=-m is relatively 
compact on [0, l] in the uniform norm. Hence this set is equicontinuous on 
[0, 11. This is uniform continuity off on (- co, cc). 
Conversely, if f is a.a. and uniformly continuous, then given /?, there exists 
01 C /3 such that T, f = g and T-d = f pointwise. The uniform continuity 




off implies that { fs,JJ~Sl is a uniformly bounded and equicontinuous family. 
Now two applications of the Ascoli theorem and a diagonalization argument 
yield r C a: such that T, f and T+.g exist uniformly on compact sets. But these 
limits must still beg and f, respectively, since r C 01. We need the verification 
that g is uniformly continuous, but this follows from T, f = g uniformly 
on compact sets. 
For a subgroup G of the reals, we say A C G is relatively dense in G in the 
Veech sense, see [4], if there exist s1 , s2 ,..., s, such that G = u~zl (si + A). 
A is relatively dense in G in the Bohr sense if there exists an L such that 
[t -L, t] n A f 4 for all t E G. 
LEMMA 2. If A is a set of integers relatively dense in the integers Z, in the 
Veech sense, then it is relatively dense in Z in the Bohr sense. 
PROOF. If 2 = Urzl (si + A), let L = 1 + rnaxlGiGn I si 1 . If t is a 
given integer, suppose [t -L, t + L] 17 A = $. Then clearly t 6 si + A for 
i = l,..., n. Hence [t - 2L, t] n A f 4 for every t. 
LEMMA 3. If A is relatively dense in Z in the Bohr sense, and 8 > 0, then 
B = UlsA [X - 6, h + S] is relatively dense in R in the Veech sense. 
PROOF. Suppose [t -L, t] n A f $ f or all t E 2. Without loss of general- 
ity we may assume that 0 E A since translates of relatively dense sets are 
relatively dense in both senses. Let sj =jS for j = 0, l,..., n where 
&>M=L+l.Ift~R,then[t-M,t]nAf~$since 
[PI - 4 PI] C [t - M, tl 
where [t] is the integral part of t. Let /\ be in that intersection. Now 
t E [A - 6, h + (n + 1) 61 = IIj (sj + [h - 6, h + S]) C 6 (sj + B) 
j-0 i=0 
since (n + 1) 6 > M. Hence R = Uj”=, (sj + B). 
We shall have occasion to use the characterization of a.a. due to Veech [4]. 
The function f is a.a. on G, a subgroup of the reals, if and only if given E > 0 
and a finite set NC G, there exists a set B(N, E) such that 
(1) B(N, E) is symmetric and relatively dense in G in the Veech sense; 
(2) s E B(N, E), t E N imply I f(t + s) -f(t) I < E; 
(3) s, reB(N,e), tEN imply jf(t+s-r)-f(t)/ <2E. 
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THEOREM 1. Let j be a junction of a real variable such that j(n) is an a.a. 
sequence. Suppose further that given E > 0, there is a 6(e) > 0 such that for 
any t real and integral n, 
I f(lItl + 4 -AtI> I < a(c) and i j([t] + 1 t- n) - j([t] -k 1) i < 8(c) 
imply that I j(t -1 n) -j(t) / < E. Ij j is unijormly continuous then f is c.a.a. 
PROOF. Let E > 0 and real numbers t, ,..., t, be given. Let 
M = [- a, a] n 2 where a is chosen so that j ti 1 + 1 E &I for i == I,..., n. 
Since j(n) is an a.a. sequence, there exists B(M, 8(,/Z)) satisfying (I), (2), 
and (3) above with G = Z. By the hypothesis of the Theorem we have 
(2’) s E B(M, S(42)) implies 1 f (ti + s) - f(tl) : < ~!2; and (3’) 
s, r E B(M, S(E/~)) implies lf(ti + s - r) - j(ti) 1 < E; for i = l,..., n. Since 
f is uniformly continuous, there exists 7 > 0 such that 1 x - y j -< 7 implies 
(f(x) -f(y) < 42. Now let 
B= u [s-q,s+ql. 
sWM,WZ)) 
We claim that B satisfies (l), (2) and (3) for G the reals. The symmetry 
property follows from the symmetry of B(M, 8(42)), and conditions (2) and 
(3) follow from the definition of 7, (2’), (3’), and the triangle inequality. Now 
B(M, 8(42)) is relatively dense in the Bohr sense by Lemma 2 so B is relatively 
dense in the Veech sense by Lemma 3. This completes the proof since jis a.a. 
and uniformly continuous. 
One example which satisfies the hypothesis of Theorem 1 is the linear 
extension of an a.a. sequence. That is, let j(n) be an a.a. sequence, and for 
t = a[tl + B([tl + I), 01 >, 0, B > 0, let j(t) = d([tl + Pj([t] + 1). Then j 
is uniformly continuous and S(E) = E satisfies the remaining hypothesis. 
This follows by noting that 01 and /3 depend only on t - [t] and not t so 
thatj(t + n) = oj([t] + n) + /3j([t] + n + 1) for all integers n where a and 
/3 depend only on t. 
COROLLARY. There is a c.a.a. junction on R which is not almost periodic. 
PROOF. Let j(n) = Signum cos(2nnB) for 0 irrational. Bochner [Sj has 
shown that j(n) is a.a. but not almost periodic. The linear extension is c.a.a. 
but not almost periodic since the restriction to Z of an almost periodic 
function is almost periodic. 
We now turn to some applications in differential equations. This type of 
application is motivated by the theorem of Meisters [l] which says that if F 
is uniformly a.p. and Lipschitz then a solution to x’ = F(t, X) is a.p. if and 
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only if its restriction to the integers is a.p. For convenience let the solution of 
x’ =F(t, x) which passes through (t, , x0) be denoted by x(t, t,, , x,,). This is 
well defined since we will assume unique of solutions of initial value problems. 
Here x is in En and t E R. 
THEOREM 2. Let F(t, x) = F(t + 1, x) for all t and x and suppose F is 
continuous. Suppose that solutions of initial value problems of x’ = F(t, x) 
are unique. If CJJ is a solution of x’ = F(t, x) defined on R then p is c.a.a. if and 
only ;f p(n) is an a.a. sequence. 
PROOF. Assume q(n) is an a.a. sequence. It is then bounded. Let K be a 
compact set containing u,“=-, {v(n)}. For x E K, the mapping 7 : x + x(t, 0, x) 
is continuous where x(t, 0, x) is considered as a point in CIO, l] with the 
topology of uniform convergence. This follows from the uniqueness hypo- 
thesis. Since K is compact, the range of 7 is bounded, say by M. For each 
integer n, #(t) = p(t + n) = x(t, 0, p)(n)) for 0 < t < 1. Since 
4(0)=v(n)EK, ~~(t)~<MforO,(t<l.Hence~~(t)~,(Mforallt. 
We may take the set K above to contain the range of q~ as a function on R. 
Now 7 is uniformly continuous on K since K is compact. Let 1 x - y j < 8(e) 
imply I I - 7(y) I < E. Suppose that for integers n, m one has 
1 p)(n + m) - p(n) I < 8(e) then I p(t + m) - q(t) I < E for n < t < n + 1. 
To see this, let $(t) = p)(t + n) and 8(t) = O(t + n + m). Then 
W> = 44 0, v(n)) and e(t) = x(t, 0, v(n + m)). 
Since v(n), q(n + m) E K and ) p)(n) - v(n + m) I <S(E) we have 
1$(t)-e(t)/ <rforO<t<l.Cl ear 1 y v’ is bounded so that q is uniformly 
continuous. Thus q~ is c.a.a. by Theorem 1. 
Conversely, using the limit version of a.a. it is easily seen that the restriction 
of an a.a. function is a.a. 
The map P : x -+ x(t, 0, x) for the system considered in Theorem 2 is 
called the period map. It is a homeormorphism. Then {P”},“_-, forms a 
discrete flow on En. Now it is known that the solutions of x’ = F(t, x) can be 
embedded into a continuous flow using the maps x + x(t, 0, x) as part of the 
system. Theorem 2 says roughly that the continuous flow has an a.a. point 
if and only if the subflow corresponding to {P”},“_-, has an a.a. point. It is 
natural, then to inquire if Theorem 2 has a generalization in the context of 
dynamical systems. This is an open question. 
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